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013.09.0Abstract The steady two-dimensional boundary layer ﬂow of nanoﬂuids over a ﬂat plate is studied
analytically to analyze the generated entropy inside the boundary layer at a constant wall
temperature. Applying the transformation of the PDE equations of continuity, momentum and
energy to ODE ones by similarity variables, a dimensionless equation for entropy generation inside
the boundary layer is presented. The most accurate series solution was found by coupling the
homotopy-perturbation method (HPM) and the variational iteration method (VIM), which
provides an effective technique for solving strongly nonlinear ordinary differential equations.
The analytical results indicated that the generated entropy strongly depends on the nanoparticle
volume fraction (/), Prandtl, Eckert and Reynolds numbers. Based on the series solution, the effects
of / on velocity, temperature and entropy generation were explained in details and the related
ﬁgures are plotted.
ª 2013 Production and hosting by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria
University.1. Introduction
The classical concept of boundary layer corresponds to a thin
region next to the wall in a ﬂow where viscous forces are
important which may affect the engineering process of0370330.
r (A. Malvandi).
lty of Engineering, Alexandria
g by Elsevier
ng by Elsevier B.V. on behalf of F
02producing. For example viscous forces play essential roles in
glass ﬁber drawing, crystal growing and plastic extrusion. Bla-
sius [1] studied the simplest boundary layer over a ﬂat plate.
He employed a similarity transformation which reduces the
partial differential boundary layer equations to a nonlinear
third-order ordinary differential one before solving it analyti-
cally. In contrast to the Blasius problem, Sakiadis [2] intro-
duced the boundary layer ﬂow induced by a moving plate in
a quiescent ambient ﬂuid. A large amount of literatures of this
problem has been cited in the books by Schlichting and
Gersten [3], Bejan [4] and White [5] and also in research papers
such as [6,7].
As technology improves, it was realized that the industrial
devices have to be cooled in more effective ways [8] and theaculty of Engineering, Alexandria University.
Nomenclature
cf skin friction coefﬁcient
f dimensionless stream function
cp speciﬁc heat at constant pressure
k thermal conductivity
Nu local Nusselt number
Pr Prandtl number
qw surface heat ﬂux
Re local Reynolds number
T ﬂuid temperature
S total entropy generation
S000gen volumetric entropy generation rate
u,v velocity components along the x- and y-directions,
respectively
Ec Eckert number
Be Bejan number
x,y cartesian coordinates along the surface and nor-
mal to it, respectively
Sh entropy generation due to heat transfer
Sf entropy generation due to ﬂuid friction
Greek symbols
a thermal diffusivity
h dimensionless temperature
m kinematic viscosity
l dynamic viscosity
q ﬂuid density
s shear stress
w stream function
g similarity variable
/ dissipation term in energy equation
U volume fraction of nano-particle
Subscripts
w condition at the surface of the wedge
1 ambient conditions
nf nanoﬂuid
f ﬂuid
p particle
Superscript
0
derivative with respect to g
596 A. Malvandi et al.conventional ﬂuids such as water are not appropriate
anymore, so the idea of adding particles to a ﬂuid was
presented. Adding nano-particles to a base ﬂuid affects the
homogeneity of the ﬂuid and the randomness motion of the
molecules increases. These tiny particles have high thermal
conductivity, so the mixed ﬂuids have better thermal properties
[9–11]. The materials of these nano-scale particles are alumi-
num oxide (Al2O3), copper (Cu), copper-oxide (CuO), gold
(Au), silver (Ag), etc., which are suspended in base ﬂuids such
as water, oil, acetone and ethylene glycol. Al2O3 and CuO are
the most well-known nano-particles used by many researchers
in their studies [11–15]. They claimed different results due to
the size and shape and so the contact surface of the particles.
The popularity of nanoﬂuids can be gauged from the re-
searches done by scientists for its frequent applications and
can be found in the literature, for example, [16–22].
Adding these nano-particles to a ﬂuid makes the base ﬂuid
inhomogeneous, as a result, thermodynamic irreversibility in
the ﬂow increases which causes more energy and power losses
in the system. Conserving useful energy depends on how to de-
sign an efﬁcient heat transfer process from a thermodynamic
point of view. Energy conversion processes are led to an irre-
versible increase in entropy. Thus, even though energy is con-
served, the quality of the energy decreases by converting it into
a different form of energy at which less work can be obtained.
Reducing the generated entropy will result in more efﬁcient de-
signs of energy systems. In 1996, Bejan [4,23] presented a meth-
od named Entropy Generation Minimization (EGM) to
measure and optimizes the disorder or disorganization gener-
ated during a process speciﬁcally in the ﬁelds of refrigeration
(cryogenics), heat transfer, storage and solar thermal power
conversion. There is no question that by ‘‘optimize’’ we mean
the stabled process in which the system loses the least energy
while still performing its fundamental engineering function.The method is also known as second law analysis and thermo-
dynamic optimization. This ﬁeld has been developed astound-
ingly during the 1990s, in both engineering and physics.
Recently, second-law analysis of ﬂuid ﬂow and heat trans-
fer across a ﬂat plate has been conducted by Malvandi et al.
[24]. They considered the effects of Reynolds, Eckert and Pra-
ndtl numbers on entropy generation in a wide range of param-
eters. In another study, Malvandi et al. [25] considered the
effects of velocity ratio – which represents the ratio of the wall
velocity to the free stream ﬂuid velocity – on a moving plate.
Their outcomes reveal that focusing on the velocity ratio as
a pivotal parameter, entropy generation can be minimized.
In all of the mentioned studies, physical conditions such as
geometry, viscosity of the ﬂuids, free stream velocity and tem-
perature on entropy generation minimization are investigated
in details. Recently a lot of attention has been attracted to en-
tropy generation of nanoﬂuids for different geometries. Sohel
et al. [26] conducted a study about entropy generation of nano-
ﬂuids in circular micro/mini channels. In another study, focus-
ing on Reynolds number, Moghaddami et al. [27] studied the
effects of ﬂow regime on entropy generation and they obtained
an optimum Reynolds number at which the entropy generation
is minimized. Entropy generation due to natural convection of
cooling nanoﬂuids has been studied by Shahi et al. [28]. Flow
of nanoﬂuids between co-rotating cylinders has been analyzed
by Mahian et al. [29,30]. Later the mixture of TiO2 and water
in vertical annulus in the presence of magnetic effects has been
studied from thermodynamical point of view by Mahian et al.
[31]. Studying recently-published reviews about entropy gener-
ation in nanoﬂuids can be beneﬁcial for rigorous readers
[32,33].
The novelty of this study is considering the effects of
nanoparticle inclusion in the classical Blasius problem. For
doing so, we have employed the similarity variables introduced
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through boundary layers for a nanoﬂuid. Then considering
the appropriate boundary conditions, governing equation
including momentum and energy equations have been solved
analytically via coupling of homotopy perturbation method
(HPM) and variational iteration method (VIM). It is worth
mentioning that the coupling method is applied without any
discretization, restrictive assumption, or transformation and
is free from round-off errors [34]. Also, this technique may
be considered as an important and signiﬁcant reﬁnement of
the previously developed techniques and can be viewed as an
alternative to the recently developed methods such as VIM
or HPM. Taking into consideration the variation of different
parameters such as: various volume fractions of nanoparticles
and different kind of nanoparticles namely Cu, Al2O3 and
TiO2, on the velocity and thermal gradients, the variations of
Bejan number is studied to ﬁnd effective parameters on the
generated entropy. Moreover, related diagrams are plotted
and physical interpretations of the results are discussed in
details.
2. Governing equations
Consider an incompressible viscous nanoﬂuid which ﬂows over
a ﬂat plate, as shown in Fig. 1. The wall temperature, Tw is uni-
form and constant and is greater than the free stream temper-
ature T1. It is assumed that the free stream velocity, U1, is
also uniform and constant. Further, the ﬂow in the laminar
boundary layer is two-dimensional, and that the temperature
gradients resulting from viscous dissipation are small. It is also
assumed the thermal properties of above-mentioned nanoﬂuid
are temperature-independent and the ﬂuid and nanoparticles
are in thermal equilibrium and no slip occurs between the par-
ticles and water; as a result; nanoﬂuid acts as a conventional
homogeneous single-phase ﬂuid. Regarding these assumptions,
the continuity, momentum and energy equations can be ex-
pressed as:
@u
@x
þ @v
@y
¼ 0 ð1Þ
u
@u
@x
þ v @u
@y
¼ mnf @
2u
@y2
ð2Þ
u
@T
@x
þ v @T
@y
¼ anf @
2T
@y2
ð3ÞFigure 1 Velocity and thermal boundary layers for a nanoﬂuid
over a ﬂat plate.And the appropriate boundary conditions are:
At y ¼ 0 : u ¼ v ¼ 0;T ¼ Tw
lim
y!1
u ¼ U1 and lim
y!1
T ¼ T1 ð4Þ
Let us introduce some physical properties of the nanoﬂuids
[35]
lnf ¼
lf
ð1 UÞ2:5 ; qnf ¼ ð1 /Þqf þ qp ð5Þ
where lnf is the viscosity of the nanoﬂuid, / is the solid volume
fraction of the nanoﬂuid, qf is the density of the base ﬂuid, qp is
the density of the solid particle and lf is the viscosity of the
base ﬂuid and thermal properties are:
ðqcpÞnf ¼ ð1 /ÞðqcpÞf þ ð/qcpÞp ð6Þ
knf
kf
¼ ðkp þ 2kfÞ  2/ðkf  kpÞðkp þ 2kfÞ þ /ðkf  kpÞ ð7Þ
Here kf is the thermal conductivity of the ﬂuid, kp is the ther-
mal conductivity of the solid, and knf is thermal conductivity of
the nanoﬂuid. (qcp)nf, (q cp)f, (qcp)p are heat capacity of the
nanoﬂuid, ﬂuid and particle respectively. Eqs. (5) and (6) are
valid for spherical particles and its values for different materi-
als are listed in Table 1.
We look for a similarity solution of the Eqs. (1) and (2) with
the boundary conditions Eq. (4) of the following form
w ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2mfxU1p fðgÞ; g ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
U1
2mfx
s
y ð8Þ
where w is the usual stream function, i.e. u ¼ @w
@y
and v ¼  @w
@x
and mf is the kinematic viscosity of the base ﬂuid. Substituting
Eqs. (8) and (9) into Eq. (2) we obtained the following ordin-
ary differential equation
1
ð1 /Þ2:5ð1 /þ / qpqfÞ
f000 þ ff00 ¼ 0 ð9Þ
With these boundary conditions
At g ¼ 0 : fð0Þ ¼ dfðgÞ
dg
¼ 0; limg!1 dfðgÞ
dg
¼ 1 ð10Þ
The skin friction coefﬁcient Cf can be deﬁned as:
Cf ¼ swqf u21
ð11Þ
where sw is the surface shear stress which is given by
sw ¼ lnf
@u
@y
 
y¼0
ð12Þ
Substituting Eqs. (8) and (9) into Eqs. (12) and (13) we obtain
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2Rex
p
Cf ¼ 1ð1 /Þ2:5 f
00ð0Þ ð13Þ
Looking for Similarity solution for energy equation, Eq. (3),
we obtained
1
Pr
knf
kf
 
1 /þ / ðqCpÞpðqCpÞf
  h00 þ fh0 ¼ 0 ð14Þ
Table 1 Thermophysical properties of the base ﬂuid and the nanoparticles [35].
Physical properties Fluid phase (water) Cu Al2O3 TiO2
Heat capacity (J/kg K) 4179 385 765 686.2
Density (kg/m3) 997.1 8933 3970 4250
Thermal conductivity (W/m K) 0.613 400 40 8.9538
Thermal diﬀusivity a · 107 (m2/s) 1.47 1163.1 131.7 30.7
598 A. Malvandi et al.Where
h ¼ T T1
Tw  T1 ð15Þ
Is dimensionless temperature and Pr ¼ mfaf . The boundary
conditions are
At g ¼ 0 : hð0Þ ¼ 1; limg!1hðgÞ ¼ hð1Þ ¼ 0 ð16Þ
It is worth mentioning that if we substitute /= 0 the equa-
tion will be the famous Blasius equation. The local Nusselt
number Nux is deﬁned as:
Nux ¼ xqw
kfðTw  T1Þ ð17Þ
where qw is the surface heat ﬂux which is
qw ¼ knf
@T
@y
 
y¼0
ð18Þ
Using Eqs. 8, 9, 17 and 18 we obtain
Rex
2
 12
Nux ¼  knf
kf
h0ð0Þ ð19Þ
Like [35], in the present context Rex
2
 12Nux and ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2Rexp Cf are
referred as the reduced Nusselt number and reduce skin fric-
tion coefﬁcient which are represented by h0(0) and f00(0),
respectively.
2.1. Entropy generation
As Bejan [4] suggested entropy generation equation is:
S000gen ¼
Knf
T2
ðrTÞ2
	 

þ lnf
T
/
h i
ð20Þ
Substituting Eqs. (7), (8) and (15) into Eq. (20) we obtained a
relation for entropy generation for a nanoﬂuid which ﬂows
over a horizontal ﬂat plate
S ¼ knfh
0ðgÞ2
2Re PrEckfðh1 þ hðgÞÞ2
g2
2Re
þ 1
	 

þ 1
2
f00ðgÞ2
ð1 /Þ2:5ðh1 þ hðgÞÞRe
" #
ð21Þ
where h1= T1/DT and Ec ¼ u21=ðcpDTÞ; also, S is the
dimensionless entropy generation and can be deﬁned by the
following relationship
S ¼ m
2
fDT
u41lf
S000gen ð22Þ
Eq. (21) denotes the entropy generation in terms of similar-
ity parameters as well as similarity functions. So, it is straight-
forward to calculate the entropy generation with the aid of
similarity solution. It must be noted that in Eq. (21) the ﬁrstterm is because of heat transfer and the latter one is due to
ﬂuid friction which are corresponding to Sh and Sf respec-
tively; Bejan number is deﬁned as follows:
Be ¼ Sh
Sh þ Sf ð23Þ
As is obvious, Be yields the share of Sh and Sf in total gen-
erated entropy, Be= 1 is the limit at which the heat transfer
irreversibility dominates, Be= 0 is the opposite limit at which
the irreversibility is dominated by ﬂuid friction effects and
Be ¼ 1
2
is the case that the heat transfer and ﬂuid friction entro-
py generation rates are equal. At last, the total entropy gener-
ation as a physical quantity of interest, can be deﬁned as
Stot ¼
X
SðgiÞ ð24Þ
in which S(gi) is the entropy generation inside the boundary
layer at a special position gi and can be obtained via Eq. (21).
3. Analytical method
Before presenting the results, a brief knowledge about the em-
ployed mathematical method is necessary. So, in this section,
some basic relations and theories about the combination of
HPM and VIM have been presented.
3.1. Coupling of HPM and VIM (HPM–VIM)
To convey the basic idea of HPM–VIM [36], consider the gen-
eral differential equation as follows,
LðuÞ þNðuÞ ¼ gðgÞ; ð25Þ
where L and N represent linear and nonlinear parts of the
equation, also g(x) is an inhomogeneous term. Considering
the variation iteration method [37–40], a correction functional
can be written as follows,
unþ1ðgÞ ¼ unðgÞ þ
Z g
0
kðsÞfLunðsÞ þN~unðsÞ  gðsÞgds; ð26Þ
where k(s) is a Lagrange multiplier which can be identiﬁed
optimally via the variational theory. Now, the homotopy per-
turbation method can be applied as follows,
X1
i¼0
piui ¼ u0 þ p
Z g
0
kðsÞ N
X1
i¼0
piui
 !( )
ds p
Z g
0
kðsÞgðsÞds;
ð27Þ
which is formulated by the coupling of variational iteration
method [41] and He’s polynomials [36]. The embedding param-
eter p 2 [0,1] can be considered as an expanding parameter
[38]. The Homotopy Perturbation Method [40] uses the homot-
opy parameter p as an expanding parameter to obtain f as
follow,
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X1
i¼0
piui ¼ u0 þ pu1 þ p2u2 þ . . . : ð28Þ
If pﬁ 1, then Eq. (28) becomes the approximate solution of
the subsequent form:
u ¼ limp!1f ¼ u0 þ u1 þ u2 þ . . . : ð29Þη
0 1 2 3 4 5 6
0
0.2
0.4
0.6
0.8
1
Present Study
Exact Solution[5]
F'
(
) η
Figure 2 Validation of the developed code for velocity proﬁle
inside the boundary layer with /= 0.
p0 :
u0ðgÞ ¼ 1 gþ eg
h0ðgÞ ¼ eg

p1 :
u1ðgÞ ¼ ðð1=8Þð1 /Þ2/qp=qf  ð1=8Þð1 /Þ2 þ ð1=8Þð1 /Þ2/Þg2þ
ð0:5qp=qfð1 /Þ2/egÞ þ ð5=8Þð1 /Þ2/qp=qf  ð5=8Þð1 /Þ2/þ 0:5ð1 /Þ2=eg
0:5ð1 /Þ2/=eg þ ð5=8Þð1 /Þ2Þg ð17=16Þð1 /Þ2/qp=qf  ð17=16Þð1 /Þ2
ð1=16Þð1 /Þ2/=ðegÞ2 þ ð1=16Þð1 /Þ2/qp=qfðegÞ2Þ þ ð1=16Þð1 /Þ2=ðegÞ2þ
ð1 /Þ2=eg þ ð17=16Þð1 /Þ2/þ qp=qfð1 /Þ2/egÞ  ð1 /Þ2/=eg
h1ðgÞ ¼ ðkfPr=ðknfegÞ  ð1=2ÞkfPr/=knf þ ð1=2ÞkfPr/ðqcpÞp=ðknfðqcpÞfÞ
kfPr/=ðknfegÞ þ kfPr/ðqcpÞp=ðknfðqcpÞfegÞ þ ð1=2ÞkfPr=knfÞg ð5=4ÞkfPr=knf
þkfPr/ðqcpÞp=ðknfðqcpÞfegÞ þ ð1=4ÞkfPr=ðknfðegÞ2Þ  ð1=4ÞkfPr/=ðknfðegÞ2Þ
þkfPr=ðknfegÞ þ ð5=4ÞkfPr/=knf  ð5=4ÞkfPr/ðqcpÞp=ðknfðqcpÞfÞ
þð1=4ÞkfPr/ðqcpÞp=ðknfðqcpÞfðegÞ2Þ  kfPr/=ðknfegÞ
8>>>>>>>>>>>><
>>>>>>>>>>>>:
..
.
ð35ÞA comparison of the like powers of p gives solutions of var-
ious orders.
3.2. Results and discussion
Here, a solution was found for the velocity and temperature
variations versus transverse direction, g. To solve Eq. (9) using
HPM–VIM, the correction functional can be constructed as
follows:
fnþ1ðgÞ¼ fnðgÞþ
Z g
0
kf
1
ð1/Þ2:5ð1/þ/qpqfÞ
d3fnðsÞ
ds3
þ fnðsÞd
2fnðsÞ
ds2
0
@
1
A:ds;nP 0
ð30Þ
The stationary conditions can be obtained as follows:
1þ k00f ðgÞg¼s ¼ 0
1þ k00f ðgÞg¼s ¼ 0
kfðgÞ

g¼s ¼ 0
k000f ðgÞg¼s ¼ 0
8>><
>>:
ð31Þ
Subsequently, the Lagrangian multiplier is:
kf ¼ 1=2ðs gÞ2 ð32Þ
also, the correction functional for Eq. (14) can be expressed as
hnþ1ðgÞ¼ hnðgÞþ
Z g
0
kh
1
Pr
knf
kf
 
1/þ/ ðqCpÞpðqCpÞf
  d2hnðsÞ
ds2
þunðsÞdhnðsÞ
ds
0
B@
1
CA:ds;nP 0
ð33Þ
where the Lagrangian multiplier is:
kh ¼ ðs gÞ ð34ÞFor linear problems, the exact solution can be obtained in
only one iteration step because the Lagrange multiplier can
be exactly identiﬁed. For non-linear equations, the Lagrange
multiplier is difﬁcult to identify. Overcoming this difﬁculty,
restricted variations are applied to non-linear terms. Based
on Eqs. (30) and (33), a solution can be found based on like
powers of p in the following form,In the same way, the rest of the components of the iteration
formula can be obtained. Increasing the number of iterations
leads to more accurate results. Here, 10th order series was
made for different nanoparticles namely Cu, Al2O3, TiO2 with
different solid volume fractions and water as a base ﬂuid. In
order to analyze the generated entropy, variation of Bejan
number is studied for different nanoﬂuids and volume frac-
tions. The validation of our results has been shown elsewhere
[24], however, for /= 0 as a conventional ﬂuid can be seen in
600 A. Malvandi et al.Fig. 2 which is in the best agreement with the reported results
of White ..[5]. It is also obvious that the present study involves
very parameters: Ec, Re, Pr, h1, / for three types of nanopar-
ticles (Cu, Al2O3 and TiO2). Hence, the values of parameters
had to be chosen selectively. It is to be said that with no loss
of generality, the constant values of Pr and Ec have been cho-
sen from Table 1 where h1= 2 and Re= 1000 .[42]. Rigorous
readers can ﬁnd more information on the effects of Prandtl,
Eckert and Reynolds numbers in Ref. [24].
Fig. 3a depicts the effects of solid volume fraction on veloc-
ity boundary layer for Cu and water mixture. Since adding the
particles leads to increase in dynamic viscosity and momentum
diffusion of the ﬂuid, it is clear that the thickness of the bound-
ary layer decreases with increase in /. Hence the velocity gra-
dient and skin friction coefﬁcients at the plate increase which isη
F'
(
)
0 1 2 3 4
0
0.2
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0.6
0.8
1
φ = 0
φ = 0.1
φ = 0.2
η
Figure 3a Velocity proﬁle inside the boundary layer for Cu/
water and different values of /.
η
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0
0.2
0.4
0.6
φ = 0
φ = 0.1
φ = 0.2
F'
'(
) η
Figure 3b Velocity gradient inside the boundary layer for Cu/
water and different values of /.shown for Cu/water in Fig. 3b. Dimensionless velocity distri-
bution for different nanoparticles and constant solid volume
fraction is shown in Figs. 4a and 4b. It is obvious that the
velocity distribution for TiO2/water and Al2O3/water are al-
most the same as their densities are, but due to high density
of Cu, for Cu/water the dynamic viscosity increases more
and leads to a thinner boundary layer than other particles.
So in this case, velocity gradients on the surface are greater.
Figs. 5 and 6 show variation of thermal boundary layer
thickness and temperature gradients for different values of /
and various nanoﬂuids respectively. Clearly, increase in / will
lead to increase in thermal boundary layer and decrease in
temperature gradient on the surface. However, heat transfer
rate increases markedly. We have shown in Eq. (19) that heat
transfer rate is a function of h
0
and knf. When / increases, theη
0 0.5 1 1.5 2 2.5 3 3.5 4
0
0.2
0.4
0.6
0.8
1
Cu
TiO
Al O
2
32
F'
(
) η
Figure 4a Velocity proﬁle inside the boundary layer for different
particles and water for /= 0.1.
η
0 1 2 3 4 5
0
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Cu
TiO
Al O
2
32
F'
'(
) η
Figure 4b Velocity gradients inside the boundary layer for
different particles and water for /= 0.1.
ηθ 
(η
)
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1
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Figure 5a Temperature proﬁle inside the boundary layer for
water/Cu and different values of /.
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Figure 5b Temperature gradients inside the boundary layer for
Cu/water and different values of /.
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Figure 6a Temperature proﬁle inside the boundary layer for
different nanoparticles /= 0.1.
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Figure 6b Temperature gradients inside the boundary layer for
different nanoparticles /= 0.1.
An analytical study on entropy generation of nanoﬂuids over a ﬂat plate 601latter term, which is more effective than the former one, in-
creases so the heat transfer rate increases as well. In other
words, when / increases, an increase in thermal conduction
of nanoﬂuid, causes the increase in heat transfer rate. Also,
due to high thermal conductivity of Cu in contrast to Al2O3
and TiO2, the heat transfer rate for Cu/water mixture is higher
than other two nanoﬂuids (not shown). With regard to
Figs. 5b and 6b, it is evident that after g  1 the trends of tem-
perature gradient for the different type of nanoﬂuids and con-
centrations change. This is because of increase/decrease in
temperature boundary layer thickness which leads to decreas-
ing/increasing temperature gradients closer to the plate and a
rise/drop in the temperature gradients far from the wall.
Bejan number is plotted for various conditions in Figs. 7a
and 7b. It must be mentioned that at the beginning of theplate, Be is approximately unity (Be @ 0.9), which means in
the total entropy generation, heat transfer plays more impor-
tant role than ﬂuid friction but as we go along the surface, with
decrease in temperature gradient, heat transfer share in total
generated entropy decreases. Another important point that
can be inferred from the graph is that increase in a solid vol-
ume fraction leads to decrease in number which means the
share of ﬂuid friction in the total entropy generation increases.
Volumetric entropy generation on boundary layer is illus-
trated in Figs. 8a and 8b for various types of nanoﬂuids and
solid volume fraction, respectively. Considering Fig. 8a, at
the vicinity of the surface, we can see a noticeable increase in
S000gen which results from a decrease in dimensionless tempera-
ture and the constant thermal and velocity gradient in this
zone (Figs. 3 to 6). After g @ 0.5 it takes a decreasing trend
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Figure 7a Be number inside the boundary layer for different
particles and water for /= 0.1.
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Figure 8a Volumetric entropy generation inside the boundary
layer for different nanoparticles for /= 0.1.
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Figure 8b Volumetric entropy generation inside the boundary
layer for water/Cu and different values of /.
602 A. Malvandi et al.and ﬁnally vanishes. Also, it was concluded that Be number
decreases along the surface so the ratio of Sf/Sh increases.
From Figs. 8a and 8b also, it can be understood that as /
grows entropy generation increases especially for Cu/water.
4. Conclusions
In this paper, we have studied a steady two dimensional
boundary-layer ﬂow of nanoﬂuids on a ﬂat plate. Converting
the PDE equations to ODE ones with similarity transforma-
tion, the entropy generation for a nanoﬂuid over a horizontal
plate is formulated and studied inside the boundary layer.
Considering the appropriate boundary conditions, governing
equation including momentum and energy equations has been
solved analytically via coupling of homotopy perturbationmethod (HPM) and variational iteration method (VIM). This
technique may be considered as an important and signiﬁcant
reﬁnement of the previously developed techniques and can
be viewed as an alternative to the recently developed methods
such as VIM and HPM. It is worth mentioning that the men-
tioned method is applied without any discretization, restrictive
assumption, or transformation and is free from round-off er-
rors. The effects of different solid volume fraction with three
different types of nanoparticles and water as a base ﬂuid, on
the velocity and temperature proﬁles and the generated entro-
py are discussed. Be is plotted and its variation is studied as
well. It is found that more entropy generates in boundary layer
with increase the solid volume fraction. Moreover, due to the
high density of Cu, adding this nanoparticles to water
generates more entropy in contrast to other nanoparticles in
a process.
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